1. Introduction. Louboutin [L1] and Yamamura [Y] have determined all imaginary abelian sextic number fields with class number one. There are exactly 17 such fields and their conductors are ≤ 129. The determination of all CM-fields with a given class number and given degree stems from lower bounds for the relative class number. In particular, the lower bounds for the relative class number established by Louboutin [L1] enable us to give reasonable upper bounds for the conductors of abelian sextic CM-fields with small class number. Moreover, these lower bounds for the relative class number can be improved, using Theorem 2 in [L3] : in other words, we need less computer calculations. We thus make a finite list of all possible conductors for a given class number. We shorten this list using the divisibility properties of the relative class number. Thus in this paper we prove the following: Theorem 1. There are precisely 17 imaginary abelian sextic number fields of class number 1; 5 fields of class number 2; 23 fields of class number 3; 15 fields of class number 4; 2 fields of class number 5; 6 fields of class number 6; 14 fields of class number 7; 6 fields of class number 8; 33 fields of class number 9; 2 fields of class number 10; 1 field of class number 11; these fields are listed in Tables 3 and 4.
Theorem 2. There are precisely 26 imaginary abelian sextic number fields of relative class number 1; 7 fields of relative class number 2; 27 fields of relative class number 3; 20 fields of relative class number 4; these fields are listed in Table 3 .
In Section 2, we review some well-known facts about the cyclic cubic number fields which will be used in the next sections. In Section 3, we obtain lower bounds for the relative class number of an imaginary abelian sextic number field K in terms of the conductor f , hence an upper bound for the conductors f of K when the relative class number is given. In Section 4, we study the arithmetic properties of the relative class number which allow us to find a finite list of all possible conductors f with a given relative class number. In Section 5, we illustrate how to determine all fields of class number 3; in that case we have several cases to consider. Ultimately, we list all fields with relative class number h * (K) ≤ 4 and all fields with class number h(K) ≤ 11 in Tables 3 and 4, respectively. 2. Cyclic cubic extension of Q. In this section we recall a few standard facts concerning cyclic cubic extensions of Q. Let k be a cyclic cubic extension of Q, and f k the conductor of k. Then
where p i 's are distinct prime numbers with p i ≡ 1 mod 6 and r is the number of prime divisors of f k . Moreover, there exist 2 r−1 extensions of the conductor f k and we have
Therefore, if 3 does not divide h(k) then f k = 3 2 or f k ≡ 1 mod 6 is prime, and k is well determined by f k . In addition, we can easily obtain a cubic polynomial defining k as follows. Let χ be a primitive Dirichlet character modulo f k of order 3 such that the cyclic group {χ i : 0 ≤ i ≤ 2} is the group of characters associated with k. For a positive integer l we let ζ l = exp(2iπ/l). Then the element
is a primitive element of the extension k of Q, and
are the conjugates of θ. In this way, from the character χ we can calculate explicitly an irreducible polynomial defining the number field k. Note that M.-N. Gras ([M.N.G] ) has explained the cyclic cubic fields in detail and has determined all cyclic cubic fields of conductor ≤ 4000 (see also G. Gras [G.G] ).
3. Lower bounds for relative class number. Let X be a group of Dirichlet characters and N the associated abelian number field. We assume N is a CM-field. We denote by N + its maximal real subfield. The relative class number h * (N ) can be written as
where 2n = [N : Q], w(N ) is the number of roots of unity in N , Q is the Hasse unit index of N , f χ is the conductor of the character χ, and ζ N and ζ N + are the Dedekind zeta functions of N and N + , respectively (see Chapter 4 of [Ws] ). For lower bounds for the relative class number we need upper bounds for Res s=1 (ζ N + ) and lower bounds for Res s=1 (ζ N ).
This is the content of Proposition A of [L3] .
Proposition 2. Let χ be a nontrivial even primitive Dirichlet character mod f χ . Then
P r o o f. This is the content of Theorem of [L2] .
We now turn to the relative class number of an imaginary abelian sextic number field. Let K be an imaginary abelian sextic number field, K + the real cubic subfield of K and k im the imaginary quadratic subfield of K. We let f, f + and m denote the conductors of K, K + and k im , respectively. For a number field F , we let h(F ) and d(F ) be the class number of F and the discriminant of F , respectively. We have
+ · m by the conductor-discriminant formula. Let χ be a primitive odd Dirichlet character modulo f of order 6 such that {χ i : 0 ≤ i ≤ 5} is the group of characters associated with K. Let χ im be the odd primitive character modulo m which induces χ 3 and let χ + be the even primitive character modulo f + which induces χ 2 . The relative class number h * (K) is rewritten as
where w(K) and w(k im ) are the number of roots of unity in K and k im , respectively. Louboutin [L1] has estimated L(1, χ) from below in terms of the conductor f and obtained the following theorem:
Theorem 3. Let K/Q be an imaginary abelian sextic extension of conductor f . We have the following lower bounds for h * (K):
if f ≥ 1.1 · 10 7 and 3 divides f ;
if f ≥ 7.9 · 10 6 and 2 divides f.
This estimate shows that the computations can be done on a PC or a Workstation. However, we shall show below (Theorem 6) that these upper bounds can be improved using Propositions 1 and 2.
Furthermore, using generalized Bernoulli numbers we can evaluate explicitly the relative class number for K:
From this formula we obtain Proposition 3. Let K/Q be an imaginary abelian sextic extension of conductor f .
The fields Q(ζ 7 ) and Q(ζ 9 ) have class number one. Thus they can be omitted from all future considerations, and we have h
from this point on. In order to determine all imaginary abelian sextic number fields having class number less than or equal to 11, we need to determine all imaginary quadratic number fields k im with h(k im ) ≤ 11 and |d(k im )| ≤ 2 · 10 7 . For convenience we list the computational results here.
Theorem 4. There are 497 imaginary quadratic fields of conductor m ≤ 2 · 10 7 with class number less than or equal to 11, and their conductors are less than or equal to 15667. R e m a r k. Some of the class number problems for imaginary quadratic number fields have been solved: Stark [S1, S2] for class number 1 and 2; Montgomery and Weinberger [MW] for class number 3; Arno [A1] for class number 4; Wagner [Wg] for class numbers 5, 6 and 7 and Arno [A2] for all odd class numbers from 5 to 23.
We now turn our attention to the evaluation of the L-functions at s = 1.
Theorem 5. Let χ be an odd quadratic Dirichlet character of conductor [Low] .
(ii) follows from (i) and Theorem 5.
Consider the Dedekind zeta function
It is known that ζ Q (s) ≤ 0 on ]0, 1[. For real s, we have
Therefore, ζ K (s) has the same sign as ζ Q (s)L(s, χ 3 ) = ζ k im (s). By Corollary 1, if h(K) ≤ 11, then ζ K (s) ≤ 0 for 0 < s < 1. At this point, we apply Proposition 1 to improve the lower bound for Res s=1 (ζ K ), so we obtain the following:
Here,
P r o o f. This follows from Propositions 1 and 2.
4. Arithmetic properties of the relative class number. In this section, we shall study some divisibility properties of the relative class number, which allow us to reduce the amount of the computations. Lemma 1. Let N be a CM-field and N + its maximal totally real subfield. Let t be the number of prime ideals of N that are ramified in the quadratic extension N/N + . Then 2 t−1 divides h * (N ).
P r o o f. See Proposition 2 of [LO].
Proposition 4. If a prime number q is ramified in k im /Q and if q splits in K + /Q, then 4 | h * (K). Consequently, if h * (K) is not divisible by 4 and if q is ramified in k im /Q, then χ + (q) = 1.
P r o o f. This is clear by Lemma 1.
For the fields having class number 3, 6 and 9, we make use of the following result.
Theorem 7. Let K be an imaginary abelian sextic number field. Let T denote the number of primes dividing f + which split in k im and set ε = 1 or 0 according as
P r o o f. See Proposition 8 of [LOO] .
According to Proposition 3, in order to determine all imaginary abelian sextic number fields K with h(K) ≤ 11 we need to consider the following 28 cases: Table 1 h(K) 1 2 3 3 3 4 4 4 5 6 6 6 6 h(K + ) 1 1 1 1 3 1 1 4 1 1 1 3 6 h * (K) 1 2 3 3 1 4 4 1 5 6 6 2 1 |τχ| 2 1 1 1 3 1 1 4 1 1 1 3 1 1 h(k im ) 1 2 3 1 1 4 1 1 5 6 2 1 1 Table 2 h(K) 7 7 7 8 8 8 9 9 9 9 9 9 10 10 11 h(K + ) 1 1 7 1 1 4 1 1 1 3 3 9 1 10 1 h * (K) 7 7 1 8 8 2 9 9 9 3 3 1 10 1 11 |τχ| 2 1 7 1 1 4 1 1 3 9 1 3 1 1 1 1 h(k im ) 7 1 1 8 2 2 9 3 1 3 1 1 10 1 11
Lemma 2. Assume that τ χ is an algebraic integer. For any positive prime q, let v q (n) denote the exponent of q in the prime factorization of n ≥ 1. If |τ χ | 2 = n, q divides n and if
= −1 if and only if q = 2 or q ≡ −1 mod 6. Therefore,
|τ χ | 2 = 3 implies |τ χ + τ χ | = 0 or 3;
|τ χ | 2 = 7 implies |τ χ + τ χ | = 1, 4 or 5;
|τ χ | 2 = 9 implies |τ χ + τ χ | = 3 or 6.
Proposition 5 (see [L1] ). Assume f + = p ≡ 1 mod 6 and gcd(m, p) = 1. Then
Therefore,
Moreover , τ χ is an algebraic integer and we have the following formula suitable for computations:
, p) where x (p) is the congruent class of x modulo p and
depends on α and β modulo m only.
Note that our formula given in Proposition 5 makes it much easier to compute τ χ + τ χ than to compute τ χ . Therefore, according to Tables 1 and  2 , in using Lemma 2 as a necessary condition, and since we will be able to reduce the determination of all the imaginary abelian sextic number fields of class number prime to 3 to those of conductor f = mf + with f + = p ≡ 1 mod 6 and gcd(m, f + ) = 1, Proposition 5 and Theorem 6 will enable us to get fast a very short list of possible fields, and we will have to compute h * (K) only for the few fields of that list.
Theorem 8 (Louboutin). Assume gcd(m, f + ) = 1 and for any relative integer a ∈ Z let a + denote the only relative integer such that f + a + ≡ a mod m and 0 ≤ a + ≤ m − 1. Then
In particular , τ χ is an algebraic integer in Q( √ −3). Therefore 3 divides |τ χ | 2 if and only if 3 divides τ χ + τ χ . We then have τ χ + τ χ ≡ 0 mod 3 if and only if we are in one of the following five cases:
and m = 3, 4, {p : p | f + and χ im (p) = 1} = ∅ and m = 3, 4, |{p : p | f + }| ≥ 2 and m = 3, {p : p | f + and p ≡ 1 mod 18} = ∅ and m = 3, {p : p | f + and p ≡ 1 mod 12} = ∅ and m = 4. P r o o f. We argue as in [L1] . Since gcd(m,
First, we have
However, for any k ≥ 1 we have
Therefore, using f = f + m, we get 1 2f
Second, we have
Now, we claim that
which provides us with the desired first result (upon using |{a : 1 ≤ a ≤ f + /2 and χ + (a) = 1}| = φ(f + )/6). Indeed, we have
To get the second desired result, we notice that 6 always divides φ(f + ), which yields
and implies
(for m = 3 implies χ im (p) = 1 for all primes p dividing f + ).
5. Numerical computations and proofs of Theorems 1 and 2. We show how to determine all imaginary abelian sextic number fields K having h(K) = 3. In a similar fashion we will obtain all imaginary abelian sextic number fields K having h(K) ≤ 11, and those with h * (K) ≤ 4. From Table 3 . hTheorem 6 we obtain
We consider two cases:
(A) (m, f + ) = 1, and (B) (m, f + ) > 1.
For each case we consider three possible types in Table 1 . Our strategy is now as follows. First, for a given m we compute an upper bound for f . Second, we find all possible conductors f + (Propositions 4, 5 and Theorems 7, 8). Third, we compute |τ χ + τ χ | and |τ χ | 2 . Finally, we verify the class 1) There are 2098 prime p's such that p ≡ 1 mod 12 and p ≤ 87500. 2) There are 1413 prime p's such that 2 (p−1)/3 ≡ 1 mod p (Proposition 4).
3) There are 57 prime p's such that |τ χ + τ χ | = 0 or 3 (Lemma 2). 4) For these 57 prime p's we compute |τ χ | 2 .
There are exactly 4 fields having class number 3: f = 52, 148, 244 and 292.
(iii) If h(K + ) = 3, h * (K) = 1 and h(k im ) = 1, the same argument applies to each of the nine fields. We proceed as follows: for example let 
Consequently, for 534 pairs (f + , χ + ) we have to test whether χ + (7) = 1 or not.
3) There are 358 pairs (f + , χ + ) such that χ + (7) = 1 (Proposition 4). 4) Using Theorem 8 we compute τ χ + τ χ and choose τ χ + τ χ such that |τ χ + τ χ | =1 or 2. (Since h * (K) = 1, we have |τ χ + τ χ |=1 or 2 by Lemma 2.) There are 11 pairs (f + , χ + ) such that |τ χ + τ χ | = 1 or 2.
5) Finally, we compute |τ χ | 2 for these 11 pairs (f + , χ + ) of 4).
We verify that there are no such fields having class number 3.
C a s e (B): (m, f + ) > 1. We have f ≤ 5.9 · 10 5 . First, we make a finite list of possible conductors f + which are less than 5.9 · 10 5 . Second, we select those satisfying Proposition 4 and Theorem 7. Finally, we compute |τ χ | 2 .
